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Summary

2§07
The paper dealis with the derivation of general conservation equations for
heterogeneous continua = substances consisting of several distinct, possibly inter=
acting constituents. The analysis, resting for the most part on an admissibie
superposition of the diffusive motions on the postulated motion of the mixture,
is based on axioms in integral form from which the basic differential equations
are deduced. The treatment is a rigorous, direct generalization of the classical
theory for simple continua, The main results are compared with those of Truesdell

and found to be in entire agreement. iR
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1. Introduction

From the viewpoint of continuum physics, the behavior of many materiais
is well described by the properties of an ideal medium = the simple continuum;
but this classical representation must be modified and extended in order that it
suffice as a model for materials consisting of several distinct and mutually inter-
acting constituents. A continuum theory describing such materials is called herein
a heterogeneous continuum theory. In the broadest sense, it is not restricted to
any particular state of continuously distributed heterogeneous matter and therefore
covers,” for example, flows of reacting mixtures of gases, liquids containing small
solid particles in suspension, and electrically conducting plasmas.

A general theory for heterogeneous continua wos published by C. Truesdell
[1, 2]. While rigorous, Truesdell's treatment is rather formal. He postulates
the differential balance equations for the constituents and sums these over all
constituents to obtain the equations for the medium as a whole. The summations
are so performed that each of the resultant equations possesses the same mathe-
matical form as the corresponding equation for a simple continuum. More recently,
Kelly [3] gave a derivation of Truesdell's results starting from axioms in integral
form and including electromagnetic effects. Basically, his formalism amounts to
spatial integration and summation of the equations postulated by Truesdell, o
certain degree of order being introduced into the summation procedures by what he

calls a general balance principle stated for volumes fixed in space.

*We are referring to general equations of balance that, for each particular
continuum, must be developed and specialized further by including definite
constitutive equations. This paper, as well as the first three quoted works, deals
mainly with the derivation of the general balance equations and not the constitutive
equations, Numerous earlier papers, usually of a more special nature, are not
quoted herein because they are listed, together with critical evaluations,

in the exhaustive bibliography of [2].
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This paper, on extension of the author's earlier work [4], deals with the
development of a different mathematical model for heterogeneous continua. The
treatment is rigorous, yet simple and direct, and is closely reiated to the classical
theory for simple continua. |t rests for the most part on an admissible superposition
of the diffusive motions of the components on the postulated motion for the mixture.
Material properties ascribed to the medium as a whole are used consistently, In
particular, the main axioms, unlike those in [1, 2] and [3], are stated in integral
form in terms of well defined material volumes for the heterogeneous continuum,
The differential balance equations for the medium as a whole are deduced from
these axioms and shown to be in agreement with Truesdell's results. The reader,
if he likes, may consider this formulation as an alternate to [1, 2] and in part to
[3] and also as a generalized analog of the classical theory of one component

fluid flow. An excellent treatment of the latter is due to J. Serrin [5].

2. Premises and Kinematical Definitions

The mathematical description of heterogeneous continua is based on
identifying tangible portions of heterogeneous matter with sets of points in three-
dimensional Euclidean space. The motion of the medium as a whole = the motion
of a mixture ~ is represented herein by a one-to-one continuous transformation of
the space into itself, The parameter t of this transformation represents time and

*
its range is = < t <oo where t =0 specifies an arbitrary initial instant. Thus

X, = 0, 0o 1) @.1)

the spatial variables X denote the positions of mixture particles distinguished
from all others by means of the material variables Xi conveniently chosen as the

positions of mixture particles at t =0. Hence t may be restricted to 0 <t < 0.

*We use both Cartesian tensor notation and vector notation. Tensor indices appear as
subscripts and vectors are distinguished from other quantities by bars above a letter.
The superscripts are devoid of tensorial meaning and denote the components of the
mixture, All functions appearing herein are assumed to be as many times continuously
differentiable as required.
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The Jacobian, J, of the mapping (2.1) is such that

ox.
0< J = det (-é-)z'—)<oo. (2.2)

The terms "moving mixture particle" and moving point in space are synonymous.

By definition, an arbitrary finite volume V(t) is called material if it moves with

the mixture; that is, every point of the bounding material surface S moves according
to (2.1).

We will consider o heterogeneous continuum consisting of say N substances
and distinguish it from a simple (one-component) continuum by the two following
properties, regarded as explicit hypotheses.

1) There exist functions pk(;, t) > 0 such that the mass Mk

of the kth component?* is

Mk = s o av . 2.3)
\"
2) There exist vector fields J'; (xi, t) that are a priori known
functions of certain well defined thermodynamic variables.
These vector fields, called the diffusive (mass) fluxes,

satisfy the condition

N
I N (x.,t) =0. (2.4)
k=t ' !

The total mass of the mixture is
Ny
ME I M. (2.5)
k=1

*Hereafter k € {1, 2, ..., N} will always serve to identify a typical substance
of the continuum.



We set M = [ pdv and thus
v

The concentrations of the components are defined as wk = pk/p. Clearly
k
Iw =1,

The velocities and accelerations of the mixture are defined as

a¢i
i T lx, (2.6)
and |
avi
W @.7)
The symbol -2 is henceforth replaced b -2- and -?- represents the usual
Y ot I X P Y Dt’ ot P
derivative holding x, fixed. 5
v
From (2.1), (2.2), (2.6) oand (2.7) we obtain a, = -é-tl + vi vi'i' A more
general formula is
DF _ oF
-T = 5-'-’- + Vi F,i (2'8)

where F stands for a scalar or a component of a vector quantity associated with
the motion.

The diffusive velocities vl:, defined as

vlf = J‘;/pk ‘ (2.9)

are regarded as "carriers" of masses, momenta and energies for the individual
components relative to the motion (2.1). They form the apparatus whereby masses,

momenta, and energies are transported by diffusion into an arbitrary material

*Henceforth we introduce a more compact notation: I= I , S= [ and
k=1 \"
¢ = 4. While omitting the symbols S and V on integrdl signs, in the text we

shali“always emphasize our consistent use of material volumes and surfaces.
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volume V. Scalar products of the v‘;'s with various forces shall be called work
rates due to diffusion. With reference to an arbitrary material volume, we state
the following superposition principle:

"Diffusive phenomena are superposed (added tensorially) on

the corresponding phenomena associated with the mixture motion,"
This principle forms the basis for the axioms presented in the next section and,
through their consequences, is shown to imply a definite interdependence of the /
mixture motion as a whole‘ond the diffusive motions of the components.

in addition to the above, we shall frequently make use of the following

well known theorem

Transport Theorem ~ Let V be an arbitrary material volume and

Fx, t) a scalar or vector function of position. Then
D _ DF

The proof is standard and will not be given,

3. Conservation Principles

The differential equations governing the behavior of the mixture are
deduced from the following postulates.

Postulate I:

The rate of change of mass of the kth component of the mixture within
an arbitrary material volume V equals the sum of its diffusive mass flow into V
and the rate of production* of mass of the kth component, This conservation

principle is expressed by the statement

_gT S pk dv = =¢ J';nido +/f Kk dv @.1)

* . .
Due to chemical reactions.
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where n, denotes the unit normal, positive outward, and Kk represents the mass
rate of production per unit volume of the kth component. Now, from (2.10)
and (3.1) it follows easily that

) k

Dp k _ ok _
S (G P vy v - K)dv=0,

and since V is arbitrary this implies

K
Dp k ek Kk
or PV =K = da @.2)

Summing (3.2) over all components and using (2.4), we obtain

Dp _ k
Theorem | - The total mass M within an arbitrary material

volume V is conserved,
Dp -
—D-F + Pvi'i = 0 (3.4)

if and only if
k<=0, (3.5)
Henceforth we shall assume that whenever explicit formulas for the Kk are given
their sum always vanishes, The statement (3.4) is then a direct consequence of
(2.4), (3.1) and (3.5).
The local composition of a heterogeneous medium is usually expressed in
terms of the concentrations wk. The pertinent equation for the kth component is
k
Dw k _ k
Bt =K 3.6)
easily obtained from (3.2) and (3.4).
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Before we state the axioms expressing conservation of linear momentum
and energy, we shall define a number of quantities appearing therein, The
definitions are always consistent with the superposition principle.

The total linear momentum of an arbitrary material volume V is
JI pk (vi +vl§) dv; from (2.4), 2.9 andp =1L pk, it follows that the integral

of the sum of diffusive momenta vanishes; that is, J/' L pk v'; dv = 0, ond therefore

S L 'pk (vi +vl§)dv = fpvi dv.

This quantity is influenced by the direct stress, § L tls ds, and the body force

Sk

the (body) force per umt mass acting on the Kt th component of the mixture. The

k
dv, where t. denotes the direct component stress and fk stands for

force fi acting on a unit mass of the mixture is defined as fi =1 wI< f‘§ , ond
hence S L pkf‘: dv = f pfi dv.
Next, we introduce the definitions of several kinetic energies and rates

v +vK|2
of work. The total kinetic energy is KT =S1 pk = ;—v l

energies of the mixture motion and the sum of dlffuswe motions are respectively
KEfpl'\Hz/Z dv andKDEf}:p‘< —k
~ sequence of (2.4), (2.9) there follows K. = K + K_. The total rotes of work

T D’
due to surfoce and body forces are respectively expressed as ¢ L t (v. +v ) da

dv; the kinetic

I /2 dv. As on immediate con-

and S L p ( +v ) dv. Parts of the total rates of work enter the balonces
of KD and K and so it is often convenient to write the contributions due to diffusive

motions and the mixture motion separately, for example,
SJI pk fl; (Vi +vl;) dv = ‘fpifi v, dv +f L pkfl;v‘; dv.

We complete now our set of definitions. The total intemal energy of a
material volume is S I 5:'k Ek dv where El< represents the internal energy per

unit mass of the ikt component. Altemately, with E, the internal energy per
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unit mass of the mixture defined asE = L wk Ek, we have [ L pk E‘< dv = fpE dv.

7 +vK|2
This quantity is a part of the total energy, S p‘< (Ek + _I_v_+2\_/_|__) dv, having the

decomposition

_k2
v+vi

pr(Ek‘r 5

dv = f pEdv +K +KD.
The balance of total energy depends in part on the transport of heat into the volume,
-4 I h‘fn da, and on the rate of generation of energy, J L pk Qk dv; the latter
mtegrols |mp|y that with each component there is ossocnoted a flux of heat hk and
an energy source Qk. With hi L hl: and Q = L wk Q" we have the obvnous
altemate expressions =¢ hi n. da and J pQadv.

Postulate li:

The rate of change of total linear momentum of a material volume V equals

the sum of the inward flux of total linear momentum and the forces acting on the

volume. This principle may be otherwise expressed as

Bt' JI pl< (vi +v‘;)dv =-¢ I pk(vi +v )vl:n‘ da

+ ¢ L tl;do +f 1 pkfl;dv . 3.7)

We adopt now Cauchy's stress hypothesis, t‘; = t'; (xi, ni, t), and use it, together

with (3.7) and the assumption of boundedness of integrands, to obtain the decomposition
k k =~
t

P = 'I’ii ni.* On the basis of this relationship, previous definitions, Gauss' theorem

and (2.10), we write (3.7) in the form

DV. k k
f{P'oT"“a;' + I (5 ), Pl Jdv =0

k . -
*Henceforth we assume that the tensors T;: are symmetric, but it is understood
that many of the results remain valid without this assumption.
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and since the volume is arbitrary, easily deduce the differential equation

Dv
io_ l< k k k k
. . = k - . k
Upon defining 'i =1 ti and writing the corresponding tensor as Tii = I Tii'
this basic result takes the form
Dv
i k k Kk
pﬁ— -T - L (p vivi)’i +pfi. (3.9)

From (3.8) we now obtain easily a useful relationship for D':
Theorem |l = The rate of change of K is

DK

k
Dt-fzr

v,da-¢ L pkvk'v‘:v'ni da-,fIT:‘i vi,idv

V., dv+ S L pkfkv dv, (3.10)

kkk
|I'l

+ S Lp v,
To prove (3.10), it suffices to integrate the product of (3.8) with v, and rearrange
the result using (2.10) and (3.4), When N =1, the medium is a simple continuum
and (3.10) reduces to the well known formula

DK

Bt ftvds-fT v,dv+fpfvdv.

Otherwise, the general statement (3. 10) always contains the terms ¢ Zpkvl;vlfvin. da
and f I pk vlivlfvi,. dv that express, with respect to the mixture motion, thel l
rate of work ancll dislsipation due to diffusive stresses,

Postulate Ili:

The rate of change of total energy of an arbitrary material volume V

equals the sum of the total rates of work of surface and body forces, the inward
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flux of total energy, the inward flux of heat and the total heat generated within

the volume. This principle may be written as

2
-, =%
D k k. v+ k k
B"fi p (E +—V-T!-I—-)dv=f[ti(vi+vi)do

- k2
k k | k
+fLp f‘;(vi-l-v';)dv-fip (Ek+-L.%1-L)vin;do

-¢§ L h';ni da+ S I kak dv. 3.11)

Expanding* the total energy terms and combining the result with (3.10) gives after

some obvious cancellations,

DK

2
*We write the left hond side of (3.11) in the form _DD—t SL pk (Ek + I\_rkl/Z)dw-b—;

and substitute (3.10) for -DD_Kt'; furthermore, we use
2
- —k
gL ek +-'2’-+72) v';ni do =4I p"xs"v‘:ni da

+ 4§ pk IVkIZ/Z v‘; n, da+4 I pkv‘;viv‘:nido.
Note that while the rate of change of total energy equals the sum of the rates of
change of f pEdv, K ond KD’ a similar decomposition of the integral expressing
the transport of total energy into the volume by diffusion yields the cross term
gL pk v'f vl; v.n, da. From our viewpoint such terms are manifestations of various
interocti}ans a||'nong the constituents of a heterogeneous medium. Unfortunately,

the precise nature of such interactions is unknown.
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-l%‘f (E +|vl/2)dv—fZTkv,dv—prkv‘:‘: , dv

k k

2
+fpkfividv + 4 It';v': do- ¢ L pk (Ek +|'\7k| /2)v':nido

-4 h‘:ni do +f L kak dv.
The above equation, written in terms of volume integrals, takes the form
2
—l%f ka(Ek +|;kl/2)dv =f1I (T -p vkv )v ,'d
2
- TIH® + o (€ + WRI72) K - T:<i vki],i dv + S L (p5Q5 + o5 V)av.

it is convenient now to introduce into this expression the definitions

2
pEY = I pf (€ + 5 IWN),

-t
]

* k k k
ioC T EevY

’

2
I [h‘: + ok (¢ +%|3“| )v'§ - T‘:ivl;]

o<
[

>

* pPQ + Zpkf':v‘;,

suggested by the natural grouping of terms in the integrals and by the viewpoint

adopted herein towards diffusive effects. Using (2.10), there follows

*
f(P DE ;i vi'i + &:'i - PQ*)dv= 0'
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and since the volume is arbitrary this implies

DE*
P = T;i - ?,;’,i + pQ*. (3.12)

Equation (3.12) is a generalization of the energy equation for simple continua to
which it reduces whenever vk = 0.

Next, we obtain from (3.12) an expression for p -g-E to be used in the sub-
sequent discussion on thermodynamics. For this purpose, we define” the set of
scalars {Ak}

)\k

1t

k2 2 k k2
RO A VIR PtV R Bl L VR

k 1—kj2 k k k k k kk k k ko
K2 +p ViviVies # v m 0 Bvi= (TR v (.19)

substituting (3.13) into (3.12) yields the required equation

DE k k k k k
p-BT—Tiivi,i-i-ZT”"-(Zh +p E V), +pQ+F  (3.14)

where

F=-1 (%4 k[P,

The results (3.14), (3.12), (3.9) are in entire agreement with Truesdell's, ™™

This is necessary because, other than a formal integral of (3.13), no explicit formula
for DKD/Dt is available.

**While the derivations differ, they are not entirely unrelated. A somewhat closer
connection between the two may be established as follows. We suppose that the
chemical reactions and possible other interactions among the constituents result in
product ions of total momentum and total energy, this being expressed by mcludmg on
the rlght hand sudes of the ax s (3.7), (3. ”) the mregr(r‘ f): p [p + Kk (v +v;)idv,
pr[e +Rk (E + | ]dv 'R pK , and p%, . ¢k denote respechvely
productions of kth total momentum and kth tofal energy due to interactions. Because
IKk = 1Kk = 0, contributions due to the mixture motion vanish. The remaining
portions of the integrands may be set equal to zero on the basis of the same sort of
theorems as in [1, 2], the latter expressing the requirement that each differential
equation for the medium as a whole possess the same mathematical structure as the
corresponding equation for simple continuum, Since this leaves the main results
unaltered, we have chosen not to pursue this course,
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4, Thermodynamics

The purpose of this section is to join the preceding development with the
necessary thermodynamical considerations. This is done by deriving from postulated
equations of state for the constituents an equation of state for the medium as a
whole, by deducing several forms of the Gibbs equation, ond by deriving the
equation expressing the balance of total entropy of a heterogeneous continuum,

The latter suggests then several candidates for a possible general postuiote of
irreversibility, Our treatment is a simpler and somewhat modified version of that
due to Truesdell [1,2]. The fundamental ideas go back to the classical work of
J. W. Gibbs."

We state now the basic assumptions. The main hypothesis is that Ek - the
specific internal energy of the kth component - is influenced by the totality of
parameters consisting of all partial specific volumes, {v] ;oeees vN} where
vk = l/pk, and that these together with one additional scalar parameter sk are
sufficient to determine Ek independently of time, motion and stress; sk, dimensionally
in:ependent from all other parameters, is called the kth specific entropy, The set
{s

and its subset {v], veey vN} is called the thermodynamic substate. The thermo-

¢V s eeey vN} is said to constitute the thermodynamic state of the kth component

dynamic state is specified by a definite functional relationship

k k, k1 N
E =E(S t YV 7 eee, ¥V ), (4.])

herein referred to os a caloric equation of state. It is assumed that all such relation=
ships are differentiable as many times as required and may be inverted to yield any

one variable in terms of the remaining ones. Therefore

k N .k
- = ok 1 E g 4.2)
ds :

p=l

*The reader is referred to [6] ¢+ 7] and [8]. An exhaustive list of pertinent papers
may be found in {2].
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and since (4.1) is valid for any motion (4.2) expresses a general change in the

state of the kth constituent. The particular change associated with the mixture
motion is given by

m’;ﬂ“ﬁf‘*’i_"ﬁ'* (4.3)
An alternate expression is

ek kot N gk oo

e =T e b L e (4.4)
OF OF T P O
where
Kk _ 9E¥ .
TE=
ds ] N

V gy eeeg V

is the temperature of the kth constituent.

We come now to the first important result of this section ascertaining under

what conditions there exists an equation of state for the mixture of the form

E =B, v, e, vy (4.5)

compatible with the given equations of state (4.1);

N
s E 1 wksk

k=1
is called the total specific entropy of the mixture and, as before,

N
EE 1 WkEko

k=1

*Henceforth we omit the subscripts because it is clear from a given functional
relationship and its partial derivatives which variables are held fixed.
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Theorem 1 = A mixture whose constituents have equations of state of the

form (4.1) possesses anequation of state (4.5) if and only if the local thermodynamic
states described by s‘, ooy sN, v', ceey vN, are subject to the following
conditions:

1. L components have the some temperature T] = T2 =... TL =T,

2, The concentrations of the remaining N = L components are zero,
wL-H —w L2 _ N

L ] [ ] L] w = 0 [ ]
The proof is simple since, for fixed vI ¢ evey vN, a necessary condition
for
N
dE = 1 wk Tk dsk =Tds,
k=1
S _ oF . k _ .
isT =T% 7 (or the particularw =0). The reader can easily complete
the proof.

In practice it is not so much the equations of sfote (4.1), (4.5) that are
used but rather the rate equations typified by (4.4). Such an equation for the
mixture is obtained in a straightforward way from (4.5) and previous hypotheses.
it suffices to put vk = v/wk into (4.5), form the differential expressing the
general change in E and then observe that, for the special change following the

motion of the mixture, this implies

N k
DE Ds Dv k Dw
o T o n ot + ki] M B (4.6)
where
pe¥ e ko3
as’ v’ ¢ ok

Equation (4.6) is called the Gibbs equation; the coefficients T, n,pkore respectively

the mixture temperature, total pressure and chemical potential. The latter are now
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given explicitly in terms of the constituent quantities. We multiply (4.3) with

k M ' .
p , use previous hypotheses and some rearrangement to obtain

N N k. .k N N k .k _p
DE _.Ds,Dv » v w 2% 1. U w9 Dw

Or Dt Dt i pmt WP P Pksl pi P P
N k
F I E<-TH %w-. 4.7)
t
k=1
Equation (4.7) is precisely of the form (4.6) provided
k N p N Nk ..k
pkEEk-Tsk-x-E- zwpa—EE, v o1 LE L s
W= p=l ov k=1 p=i wP aP

t is important to note that the validity of (4.7) with coefficients (4.8) is
not an assumption but a consequence of the caloric equations of state of the con-
stituents and the condition T‘< = T. Inthe special case when Ek = Ek (sk, vk) we
have

wk, pk=Ek-Tsk+wkvk,

where the partial (or component)pressures ﬂk are defined as

e

w = .
v

The last statement is summarized in the following theorem:
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Theorem 2 ~ If the components satisfy equations of state Ek = Ek (sk, vk)

and if at each instant of time t at a place X, the component temperatures are
identical then there is a Gibbs equation such that

1. The total pressure is equal to the sum of the partial pressures,

2. The chemical potentials are pk = Ek - Tsk + wk vk.

The Gibbs equations discussed thus far require Tk =T, It is worthwhile
to consider here a more general Gibbs equation not subject to this requirement,
namely, one that admits at a place X: 1 'l'A # TB. For this purpose we retain the
constituent equations of state (4.1) but do not demand an equation of state for the
mixture of the form (4.5). At each point X, in space af each instant of time t

~
we define a mean temperature T for the mixture as

N N
L 'l'k wk dsk ST I w dsk.
k= k=1
Clearly,
N N
Tds =T({ L wkdsk+ L skdwk}. o
k=1 k=1

Computations similar to those yielding (4.7), (4.8) give now

DE _yD:_ Dv, 'y gkDw
Dt Dt Dt k=1“ Dt

where
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ond the total pressure w is the same as in (4.8). Of course, T is not a state
variable in the usual sense and therefore the applicability of the above formulation
needs further examination. Subsequent discussion is always consistent with
Theorem 1 and no further mention of T is made.

We obtain now the differential equation expressing the local balance
of total specific entropy s ond from it deduce an integral equation for the balance
of total entropy S psdv; guided by the procedures established in the theory of
simple continua we suggest then certain inequalities regarded as possible general
postulates of thermodynamic irreversibi Iity.

Equations (3.14) and (4.6) are rewritten as

Por = Pe * Q¢ (4.7)
and
DE Ds
pB-t--pTE-+P| (4o8)
where
N
Pe B Tov, + 1 T!(. v!<,. ,
TR R TR
N N :
- k k 1,k ‘ k _k k
Q. EpQ=-p I (N +K —Ivlz)-(h.+ p E v.)).,
E 2 i i/
k=1 k=1
and
P, & '; k -—-—Dwk-w Ql
[ L 7 Py °
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The terms Pgs Q and P, are called” respectively the external power, the external
DE
non-mechomcal supply of energy and the inner power. Eliminating p Br between

(4.7) and (4. 8 ) gives us the equation for the produchon of total specific entropy,

pTos=P =P +

g~ P *Q

E

that may be expressed as

p E v N
DS__ E | k=1 ] k k k
P'ﬁ'-—.T ( — )'i ? T'i (hi+' ki] p E vi)

PQ-p I (A +K
+ k=1 . (4.9
T .

N
k k ‘;‘I;klz)

We integrate (4.9), use the transport theorem and after some obvious

rearrangement obtain the corresponding integral equation for the balance of total

entropy,
N
o+ I P EVY
D [ psdy = - g — K (a+ £2) 4
Br psdv == ¢ z nidaff.A-o- T dv, (4.10)
where
i N ek k Nk l—kl2

TA =P =P=g Tyl + I pEv)-p I (N +K¥

(4.11)
E T P kel ) |
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The theory of simple continua suggests” that we may set

TA>O0

*We follow the treatment of Truesdell [{2]. For a simple continuum which obeys

a caloric equation of state E = E(s, ak), k=1, ..., K we have

dE d
PIr=PT g P
- Kok dek I .
where Pl Ep L 7 ok the quantities v = a—l: are called thermodynamic
k=1 a .
tensions. Eliminating p :—E— between the above equation and the equation
dE _
Par =P v
where PE = Tii Dii' QE Z Q- hi’i’ gives
' ds
pTa-F:PE-Pl +QE
Integration of
_‘_’_5_=,P£:_I_ - (.h_'_) - hiT’i +.89.
TR | T/ T T2 T
leads to
d " £
S L osdv =g Londot S (8 By
where |
hiT’i
TA = (PE-P|) - —

On the basis of physical arguments we have

PE - P' 20 whenQ =0and T = const,

and

hiT,iEO when Q = 0 and PE-P'=0.

Therefore TA > 0 and for T > 0 the above expression is equivalent to

d hin, 0Q
-d—t-.fPSdVZ',"—T—dO"'f TdV

The last statement is adopted as a postulate of irreversibility.



and adopt the equivalent inequality

hi+ L pkEkvlf

—‘I))Tfpsdvz-f[ k=LT- l]nidcw-,/'E.'.de (4.12)

as a general postulate of irreversibility.

it must be emphasized that TA > 0, and hence (4.12) are merely suggested
as possible hypotheses, Other candidates for a "general postulate of irreversibility"
are easily obtained because the terms which enter A are not uniquely defined.

For example, we may write (4.9) in the form

N k
h,+ I p (E - p)vi
Ds _ _ k=1 o] '
poe =~ | - b, + B2+ A (4.13)
where
N N
TA & ¢ Tlf. (v.,. +v'.<,.) +wv,,, --:.- T,, (h, + I pEk v'f)
K=y i%i U B i
N k2
-p I (X +K(2| I +p)+pv(t‘—), (4.14)
k=1
The assumption
TA" >0
is equivalent to
N
hi + L pk (Ek- |.|k)vk

L ;
BD-; fpsdvz- f[ k—] -f ]nida+f 'irﬂqu (4.]5)
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The inequality TA' > 0 is the same as Truesdell's [1,2] and clearly different from
TA > 0. Of course, this difference is also reflected in the corresponding integral
statements (4.15) and (4.11), We may, if we wish, construct still other inequalities,
group the thermodynamic variables into "forces" and "fluxes" and obtain agreement
with the results given by various writers on "irreversible thermodynamics.” (For
example, in [4], a A is used which leads to the results of S, R. De Groot [9] and
H. A, Toelhoeck and S. R. De Groot [10], proper interpretation of terms being
made where necessary.) Writers on that subject go one step further and require that
partial sums occurring in a particular A be separately non=negative. The arguments
advanced for the support of such steps do not appear to us very convincing.” What
is fundamentally lacking is the knowledge of the appropriate group of transformations
of the thermodynamic variables and the invariance which we are to require. it
appears therefore that further progress towards a rigorous theory of thermo-mechanics

must wait until such time when this question is settled in sufficient generality,

*

A general critical evaluation of "irreversible thermodynamics" may be found in
[1].: An illuminating critique directed at the well known reciprocal relations of
Onsager was given by D, B, Colemoan and C. Truesdell [11]. For a rigorous
modern work on classical thermostatics the reader is referred to the work of D. B.
Coleman and W, Noll [12].
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